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We study the linear stability of dynamical, quadratic gravity, focusing on two particular subclasses
(the even-parity sector, exemplified by Einstein-Dilaton-Gauss-Bonnet gravity, and the-odd parity
sector, exemplified by dynamical Chern-Simons modified gravity) in the high-frequency, geometric
optics approximation. This analysis is carried out by studying gravitational and scalar modes
propagating on spherically symmetric and axially symmetric, vacuum solutions of the theory and
finding the associated dispersion relations. These relations are solved in two separate cases (the
scalar regime and the gravitational wave regime, defined by requiring the ratio of the amplitude of
the perturbations to be much greater or smaller than unity) and found in both cases to not lead to
exponential growth of the propagating modes, suggesting linearly stability. The modes are found to
propagate at subluminal and superluminal speeds, depending on the propagating modes’ direction
relative to the background geometry, just as in dynamical Chern-Simons gravity.
I. INTRODUCTION
Ever since its conception in 1915, Einstein’s theory
of general relativity (GR) has held up to numerous ex-
perimental tests stretching across a wide range of areas.
These tests include Solar System observations, such as
the perihelion precession of Mercury, as well as binary
pulsar observations, such as the orbit period decay of
the Hulse-Taylor pulsar [1, 2]. In the next couple of
decades, these tests and observations will be extended
by data from next-generation gravitational wave (GW)
detectors [3–23] (for a recent review of GR tests with
ground-based detectors, see [24]). These observations
will extend into the strong-field regime of gravity, where
the gravitational field is nonlinear and dynamical, pre-
cisely where tests are currently lacking.
Strong-field tests of gravity have implications to a large
range of areas in physics and astrophysics. For example,
modified gravity theories that attempt to quantize grav-
ity usually break gravitational parity invariance [25–28].
Gravitational parity breaking modifies the geometry of
spinning black holes (BHs) [29, 30] and the propagation
of GWs in these backgrounds [7, 9, 16, 23, 31]. Constrain-
ing such a departure from the Kerr geometry of GR in
the strong-field regime will place constraints on the cou-
pling constants of such theories. These constraints are
expected to be orders of magnitude stronger than those
one can achieve with Solar System observations.
A recently studied class of modified theories is
quadratic gravity (QG) [32]. This class departs from
GR by adding a dynamical field coupled to all possible
curvature squared terms to the Einstein-Hilbert action.
The motivation for these modifications comes from sim-
ilar terms appearing in string theory in a low-energy ex-
pansion after compactifying to four dimensions [25, 26],
effective field theories of inflation [33], and loop quantum
gravity coupled to fermions [27, 28]. Since QG derives as
a low-energy expansion of more fundamental theories, it
should be viewed as an effective field theory, valid up to
a cutoff energy scale above which cubic and higher-order
curvature invariants cannot be neglected [30, 34]. If one
does not treat the theory as effective and exceeds the
cutoff, ghosts and other instabilities will be nonlinearly
generated [35], rendering the theory ill-posed.
Two of the more popular QG theories are dynami-
cal Chern-Simons (CS) gravity [36] and Einstein-Dilaton-
Gauss-Bonnet (EDGB) gravity. In the former, the field
couples to the Pontryagin invariant, while in the latter it
couples to the Gauss-Bonnet invariant. Because of this,
dynamical CS gravity is a parity-violating theory, and
thus, nonspinning BHs are not modified because they
are parity even. Spinning BHs, of course, are not par-
ity even and do acquire corrections [29, 30, 37]. BHs in
generic QG are different from those in GR already at the
non-spinning level [32], and of course also at the spinning
level [38].
For these QG theories to be physically appealing, the
BH solutions described above must be stable to pertur-
bations. An instability would imply that BHs generated
in gravitational collapse would actually not be realized in
nature, if the instability timescale is short enough. QG is
obviously linearly stable on a flat background, as higher-
order derivatives only arise due to the excitation of the
scalar field, which is in turn sourced by the Riemann ten-
sor. A more meaningful test is the study of linear per-
turbations about solutions to QG that have nontrivial
curvature. Such a test was performed on dynamical CS
gravity on a Schwarzschild background in [39–42]. Simi-
lar studies were carried out in the context of gravitational
radiation in [31, 43], but a systematic study of all pertur-
bation modes on generic backgrounds was lacking until
now.
In this paper, following the classic work of Isaac-
son’s [44], we perform a linear stability analysis on QG
in the high-frequency, geometric optics approximation.
We concentrate on two particular subclasses of this the-
ory: the even-parity sector, exemplified by EDGB grav-
ity, and the odd-parity sector, exemplified by dynamical
CS gravity. We use the high-frequency, geometric op-
tics approximation because to study how perturbative
modes or waves propagate on a given background space-
time, the wavelength of the modes has to be much shorter
2than the curvature length of the background. If this is
not the case, the separation of background and wave is
ill-defined [44]. This approximation is sometimes called
WKB and is in fact used in many fields, including elec-
tromagnetism, quantum mechanics, plasma physics and
hydrodynamics.
We here derive general dispersion relations valid for an
arbitrary background in modified quadratic gravity, fo-
cusing on the even- and odd-parity sectors. We evaluate
these relations on nonspinning [32] and spinning [38] BH
backgrounds that are solutions in these theories. In the
odd-parity case, we extend the results of [41] by consider-
ing spinning BH backgrounds. We consider two particu-
lar perturbative regimes: a scalar-dominated and a GW-
dominated regime, depending on whether the amplitude
of the scalar perturbation is much larger or smaller than
the amplitude of the GW perturbation. Our results show
that these QG theories are linearly stable in both regimes
and for both spherically symmetric and axially symmet-
ric backgrounds in the far field (at distances much farther
than the GW wavelength). The speed of coupled grav-
itational/scalar modes, in the regime where the scalar
field perturbation dominates the metric perturbation, is
different from that of light, subluminal and superluminal
modes, just as in dynamical CS gravity. We argue that
this is a generic feature of these theories.
The remainder of this paper presents the mathematical
details that back up these results. Section II gives a brief
summary of QG, including the modified field equations.
Section III outlines the linear stability analysis that is
performed and computes the perturbed field equations.
Section IV finds the dispersion relations needed to ana-
lyze the stability of waves within QG and outlines how
we study these dispersion relations for a set of examples.
Section V studies the solution of the dispersion relations
for nonspinning [32] and spinning [38] BH spacetimes.
Section VI concludes by summarizing the results, dis-
cussing the implications of said results, and pointing to
future possible research.
We will here use the following conventions: we use
the metric signature (−,+,+,+); latin letters in index
lists stand for spacetime indices; parenthesis and brack-
ets in index lists stand for symmetrization and antisym-
metrization, respectively, i.e. A(ab) = (Aab + Aba)/2
and A[ab] = (Aab − Aba)/2; we use geometric units with
G = c = 1.
II. QUADRATIC GRAVITY
QG can be described by an action containing all pos-
sible quadratic, algebraic curvature scalars with running
(i.e. nonconstant) couplings [32]
S ≡
∫
d4x
√−g {κR+ α1f1(ϑ)R2 + α2f2(ϑ)RabRab
+ α3f3(ϑ)RabcdR
abcd + α4f4(ϑ)Rabcd
∗Rabcd
−β
2
[∇aϑ∇aϑ+ 2V (ϑ)] + Lmat
}
. (1)
Here, g stands for the determinant of the metric gab. R,
Rab, Rabcd, and
∗Rabcd are the Ricci scalar, Ricci tensor,
and the Riemann tensor and its dual, respectively, with
the latter defined as
∗Rabcd =
1
2
ε efcd R
a
bef , (2)
and εabcd the Levi-Civita tensor. The quantity Lmat is
the external matter Lagrangian, ϑ is a field, fi(ϑ) are
functionals of this field, (αi, β) are coupling constants,
and κ = 1/(16π). We assume that all quadratic terms
are coupled to the same field. All other quadratic cur-
vature terms are linearly dependent, such as the Weyl
tensor squared. Terms proportional to derivatives of the
curvature can be integrated by parts to obtain the action
shown above.
QG contains some well-studied specific theories. For
example, (α1, α2, α3, α4) = (αEDGB,−4αEDGB, αEDGB, 0)
and (f1, f2, f3, f4) = (e
ϑ, eϑ, eϑ, 0) correspond to EDGB
gravity, where αEDGB is the EDGB coupling constant and
ϑ is the dilaton. Another example is (α1, α2, α3, α4) =
(0, 0, 0, αCS/4) and (f1, f2, f3, f4) = (0, 0, 0, ϑ), which cor-
responds to dynamical CS gravity, where αCS is the CS
coupling parameter and ϑ is the CS (axionlike) field.
EDGB gravity is constrained most strongly by low-mass
x-ray binary observations,
√
|αEDGB| < 1.9× 105cm [45],
which is 6 orders of magnitude stronger than Solar Sys-
tem bounds [46]. The proposed bound on EDGB with
future GW observations is discussed in [31, 45], where
the authors show that space-borne GW interferometers,
such as eLISA [47] and DECIGO [48], should be able
to place stronger constraints than the bound mentioned
above. On the other hand, dynamical CS theory is most
strongly constrained from Solar System [49] and table-
top experiments [30],
√
|αCS| < 1013 cm, while again
future GW observations will allow much stronger con-
straints [23].
In dynamical QG fi(ϑ) is some function of the dynam-
ical scalar field ϑ, with potential V (ϑ). We assume ϑ is
at the minimum of the potential and thus Taylor expand
fi(ϑ) = fi(0) + f
′
i(0)ϑ + O(ϑ2) about small perturba-
tions from the minimum (assumed here to be at zero),
where fi(0) and f
′
i(0) are constants. The ϑ-independent
terms, proportional to fi(0), lead to a theory with a min-
imally coupled field, where the latter does not interact
with the curvature invariants. In the dynamical CS and
the EDGB cases, these invariants are topological, and
the fi(0) terms do not modify the field equations. Since
we will here concentrate on these theories, the fi(0) are
irrelevant and will be neglected. Instead, we concentrate
3on on the f ′i(0) terms, which can be modeled by let-
ting fi(ϑ) = ciϑ. Reabsorbing the constants ci = f
′
i(0)
into αi, such that αifi(ϑ)→ αiϑ, the field equations are
then [31, 32]
Gab +
α1
κ
H(ϑ)ab +
α2
κ
I(ϑ)ab
+
α3
κ
J (ϑ)ab +
α4
κ
K(ϑ)ab =
1
2κ
(
Tmatab + T
(ϑ)
ab
)
, (3)
where
T
(ϑ)
ab = β
[
∇aϑ∇bϑ− 1
2
gab (∇cϑ∇cϑ− 2V (ϑ))
]
(4)
is the scalar field stress-energy tensor and
H(ϑ)ab ≡ −4∇(aϑ∇b)R− 2R∇(a∇b)ϑ
+ gab (2R∇c∇cϑ+ 4∇cϑ∇cR)
+ ϑ
[
2RabR− 2∇a∇bR− 1
2
gab
(
R2 − 4R)
]
, (5)
I(ϑ)ab ≡ −∇(aϑ∇b)R− 2∇cϑ
(∇(aRb)c −∇cRab)
+Rab∇c∇cϑ− 2Rc(a∇c∇b)ϑ
+ gab
(∇cϑ∇cR+Rcd∇c∇dϑ)
+ ϑ
[
2RcdRacbd −∇a∇bR+Rab
+
1
2
gab
(
R−RcdRcd
)]
, (6)
J (ϑ)ab ≡ −8∇cϑ
(∇(aRb)c −∇cRab)+ 4Racbd∇c∇dϑ
− ϑ [2 (RabR− 4RcdRacbd +∇a∇bR− 2Rab)
−1
2
gab
(
R2 − 4RcdRcd
)]
, (7)
K(ϑ)ab ≡ 4∇cϑε dc e(a∇eRb)d + 4∇d∇cϑ∗R c d(a b) . (8)
Variation of the action with respect to ϑ yields the scalar
field equations
βϑ− β dV
dϑ
= −α1R2 − α2RabRab
− α3RabcdRabcd − α4Rabcd∗Rabcd. (9)
III. LINEAR STABILITY ANALYSIS
We study the modified field equations in perturbation
theory, decomposing the full, spacetime metric into
gab = g¯ab + ξ
′gMab + ǫh
GR
ab + ǫξ
′hQGab +O(ǫ2, ξ′2) (10)
and the full scalar field into
ϑ = ξ′1/2ϑ¯+ ǫξ′1/2δϑ+O(ǫ2, ξ′). (11)
g¯ab is a stationary GR solution, g
M
ab is a stationary, QG
modification to this solution, and hGRab and h
QG
ab are GR
and QG perturbations away from these (background) so-
lutions g¯ab + ξ
′gMab . ϑ¯ is a stationary solution to the un-
perturbed field equations and δϑ is a small perturbation
away from this background field. The book-keeping pa-
rameters ǫ and ξ′ denote the order of the perturbation
and QG effect respectively. In particular, the latter de-
notes the order in the coupling parameter ξ ≡ α2i /(βκ),
which appears frequently in QG theories.
All quantities computed in this paper will depend on
gab and ϑ, such as the Riemann tensor, and thus, they
can be also decomposed into
A =
∑
n,m
ǫnξ′m/2A(n,m), (12)
where A(n,m) is assumed independent of ǫ and ξ′. With
this decomposition, g¯ab, g
M
ab , h
GR
ab , h
QG
ab , ϑ¯ and δϑ can be
written as g(0,0), g(0,2), g(1,0), g(1,2), ϑ(0,1) and ϑ(1,1), re-
spectively. For conventional reasons and ease of reading,
however, we will continue to decompose the metric and
the scalar field as in Eqs. (10) and (11). Henceforth, we
work to leading order in ǫ and ξ′.
We consider a background metric g¯ab + ξ
′gMab that is a
vacuum solution to the modified field equations to lead-
ing order in ξ′. A trivial example of such a solution is
the Minkowski spacetime (in this case, the ξ′ perturba-
tion vanishes), while more complicated ones are the BH
spacetimes found in [32] and [38]. In this paper, we will
work with a generic background metric g¯ab + ξ
′gMab and
only later specialize to these BH solutions. The solutions
have been shown to actually represent slowly-rotating
BHs and not naked singularities in [32, 50].
We seek plane-wave solutions to the perturbed metric
and scalar field of the form
hab = Aab(t, x
j)eiϕ(t,x
k)/ǫϕ , (13)
δϑ = B(t, xj)eiϕ(t,x
k)/ǫϕ . (14)
We further impose the geometric optics approximation,
where we require that the phase ϕ varies much faster than
the amplitudes (Aab, B). This is enforced by requiring
that the geometric optics, order-counting parameter ǫϕ
be much smaller than unity. With the above ansatz, we
are also restricting this analysis to steady-state solutions,
hence the scalar field and metric perturbation have the
same phase.
The modified field equations and equation of motion
for the scalar field can now be expanded trivariately in
ǫ << 1, ξ′ << 1, and ǫϕ << 1. The dominant term
in the expansion will be O(ǫ, ξ′, ǫ−2ϕ ). We will discard
all higher-order terms, and thus, our analysis will not be
valid in the non-linear regime ξ′ ∼ 1 by construction.
A. Perturbed Scalar Field Equations
The only nonvanishing contribution to the expansion
of the left-hand side of the scalar field evolution equation
4[Eq. (9)] to O(ǫ, ξ′) is
(ϑ)(1,1) = ¯δϑ− hab
GR
∇¯a∇¯bϑ¯
− 1
2
g¯ab[g¯cd(∂ah
GR
bd + ∂bh
GR
da − ∂dhGRab )
− hcd
GR
(∂ag¯bd + ∂bg¯da − ∂dg¯ab)]∂cϑ¯
= ¯δϑ+O(ǫ−1ϕ ). (15)
∇¯a and ¯ denote the covariant derivative and
D’Almbertian operator associated with g¯ab, respectively.
We are only keeping leading-order terms in ǫϕ and so
only terms proportional to second derivatives of a per-
turbation are kept in the last equality.
The right-hand side of Eq. (9) depends on the Riemann
tensor which, when expanded about a given background,
is given by [51]
Rabc
d = R¯abc
d − 2∇¯[a|Cdb]c + 2Cec[a|Cdb]e. (16)
R¯abc
d is the Riemann tensor associated with g¯ab. A simi-
lar definition applies to R¯ab and R¯. The tensor field C
c
ab
is defined as
Ccab =
1
2
gcd(∇¯agbd + ∇¯bgad − ∇¯dgab). (17)
Using Eq. (16), the only non-vanishing contribution to
the expansion of the right-hand side of Eq. (9) toO(ǫ, ξ′0)
depends on
(RabcdR
abcd)(1,0) = 4R¯abcd∇¯a∇¯chGRbd +O(ǫ−1ϕ ), (18)
(Rabcd
∗Rabcd)(1,0) = 2R¯abcdǫ¯
cdef ∇¯a∇¯ehbf,GR +O(ǫ−1ϕ ),
(19)
(RabR
ab)(1,0) = 0, (20)
(R2)(1,0) = 0 . (21)
We are only considering vacuum solutions, so the back-
ground Ricci tensor R¯ab and scalar R¯ both vanish. Thus,
there is no perturbation to the Ricci tensor and scalar
squared to the order considered.
Using Eqs. (15), (18), (19), (20), and (21) in Eq. (9),
we find the perturbed scalar field equations to leading
order in the geometric optics approximation
β¯δϑ = −2R¯abcd
(
2α3∇¯a∇¯chbdGR + α4ǫ¯cdef ∇¯a∇¯ehbf,GR
)
.
(22)
Let us now separate the even and odd sectors of QG
theories. That is, we now specialize to the even-parity
subclass of theories with (α3, α4) = (α3, 0) and the odd-
parity subclass of theories with (α3, α4) = (0, α4). Defin-
ing the four-dimensional wave vector ka = (∂aϕ)/ǫϕ, and
noting that ∂dh
GR
ab = h
GR
ab kd to leading order in ǫϕ, the
perturbed scalar field equations are then
(δϑ3)kak
a = −4R¯abcdhGRbd kakc, (23)
(δϑ4)kak
a = −2R¯abcdǫ¯cdefhbf,GRkake, (24)
where we have rescaled the background scalar field and
its perturbation via
ϑ¯A =
αA
β
ϑ¯A, (25)
δϑA =
αA
β
δϑA , (26)
with A = 3 or 4. Equation (24) matches the perturbed
scalar field equation for dynamical CS modified gravity
found in [41], while Eq. (23) is new. The main difference
between these two equations is in the appearance of the
Levi-Civita tensor associated with the background GR
metric in the right-hand side (source) of Eq. (24). This
shows clearly that dynamical CS gravity excites modifi-
cations to the spectrum of perturbations only for parity-
odd backgrounds.
B. Perturbed Gravitational Field Equations
Let us first analyze the right-hand side of Eq. (3). Re-
call we are only considering vacuum solutions and so Tmatab
vanishes. The scalar field stress-energy tensor T
(ϑ)
ab only
depends on first derivatives of the scalar field. Thus, T
(ϑ)
ab
goes as ǫ−1ϕ to lowest order in ǫϕ. The left-hand side of
Eq. (3) has terms that depend on the second derivatives
of the scalar field, which go as ǫ−2ϕ . Only keeping lowest-
order terms in ǫϕ, the right-hand side of Eq. (3) is then
zero.
Before analyzing the left-hand side of Eq. (3), let us
first make some simplifications. As before, the back-
ground Ricci scalar and tensor vanish, since we are only
considering vacuum solutions. The O(1, 0) Ricci scalar
and tensor also vanish, because they are proportional
to ¯hGRab , which vanishes because h
GR
ab must satisfy the
O(1, 0) perturbed (Einstein) field equations without a
source.
With these simplifications, the perturbed field equa-
tions are
κ
4
(
g¯cdR˜acbd + g
cd
M R˜acbd
)
=− α3
[
R˜acbd∇¯c∇¯dϑ¯+ R¯acbd∇¯c∇¯d (δϑ)
]
− α4
[
∗R˜(a|c|b)d∇¯d∇¯cϑ¯+ ∗R¯ c d(a b)∇¯d∇¯c (δϑ)
]
, (27)
where R˜abcd = R
(1,0)
abcd + ξ
′R
(1,2)
abcd . The perturbed Riemann
and its dual, as well as the contraction of the GR back-
ground metric with the perturbed Riemann, are
R˜acbd =
(
h˜[c|dk|a]kb − h˜[c|bk|a]kd
)
, (28)
∗R˜(a|c|b)d =
1
2
ε¯ ef(a|d
(
h˜cek|b)kf − h˜|b)ekckf
)
, (29)
g¯cdR˜acbd =
1
2
h˜abkck
c. (30)
As with the perturbed Riemann, h˜ab = h
(1,0)
ab + ξ
′h
(1,2)
ab .
5Let us now specialize the analysis by again separat-
ing the even-parity and odd-parity sectors of QG. We
thus use the expansions for the scalar field in Eqs. (25)
and (26) and the following rescaling the modified and
perturbed metric:
gMAab = ξAg
MA
ab , (31)
h˜Aab = h
A(1,0)
ab + ξ
′
Ah
A(1,2)
ab , (32)
where A = 3 or 4. The even- and odd-parity perturbed
field equations, those proportional to only α3 and α4, are
then
h˜3abkck
c = −8ξ3R¯acbd (δϑ3) kckd
− 8ξ3R˜3acbd∇¯c∇¯dϑ¯3 − 2ξ3gcdM3R˜3acbd, (33)
h˜4abkck
c = −8ξ4∗R¯(a|c|b)d (δϑ4) kckd
− 8ξ4∗R˜4(a|c|b)d∇¯c∇¯dϑ¯4 − 2ξ4gcdM4R˜4acbd , (34)
where R˜Aacbd denotes the perturbed Riemann proportional
to h˜Acd, with A = 3 or 4.
IV. DISPERSION RELATIONS
We now combine the perturbed scalar and gravita-
tional field equations to obtain dispersion relations in
both the even- (EDGB) and odd-parity (dynamical CS)
sectors of QG. To achieve this goal, one needs to first re-
place hGRab in Eqs. (23) and (24) with h˜ab. This is justified
because the difference between hGRab and h˜ab is of O(ξ′),
and thus, it does not affect the final result to the working
order. Using the perturbed field equations, together with
Eqs. (33) and (34), we find the dispersion relations
(kak
a)
2
= 32ξ3R¯
abcdR¯bedfkakck
ekf
+
32ξ3
(δϑ3)
R¯abcdR˜3bedfkakc∇¯e∇¯f ϑ¯3
+
8ξ3
(δϑ3)
R¯abcdR˜3bedfkakcg
ef
M3
, (35)
in the even-parity sector and
(kak
a)2 = 16ξ4ǫ¯
cdef R¯ ba cd
∗R¯(b|g|f)hk
akek
gkh
+
16ξ4
(δϑ4)
ǫ¯cdef R¯ ba cd
∗R˜4(b|g|f)hk
ake∇¯g∇¯hϑ¯4
+
4ξ4
(δϑ4)
ǫ¯cdef R¯ ba cdR˜
4
bgfhk
akeg
gh
M4
. (36)
in the odd-parity sector. We immediately notice that
these relations are not quite dispersion relations because
the right-hand side depend on the perturbations. In a
slight abuse of nomenclature, however, we will continue
to refer to them as dispersion relations [53].
We can simplify these relations by rewriting the GR
background Riemann tensor in terms of the GR back-
ground Weyl tensor C¯abcd, since the GR background con-
sidered is vacuum. Let us then define the tensors W¯ab
and S¯ab in analogy with the electric and magnetic parts
of the background Weyl tensor
W¯ac = C¯abcdk
bkd,
S¯ac =
∗C¯abcdk
bkd =
1
2
ε efcd C¯abefk
bkd. (37)
Note that a further contraction of S¯ac or W¯ac with ka or
kc vanishes due to symmetry. The dispersion relations in
terms of these tensors become
(kak
a)2 = 32ξ3(W¯
ab)(W¯ab)
+ 32ξ3
(W¯ ab)
(δϑ3)
R˜3acbd∇¯c∇¯dϑ¯3
+ 8ξ3
(W¯ ab)
(δϑ3)
gcdM3R˜
3
acbd, (38)
in the even-parity sector and
(kak
a)2 = 32ξ4(S¯
ab)(S¯ab)
+ 32ξ4
(S¯ab)
(δϑ4)
∗R˜4acbd∇¯c∇¯dϑ¯4
+ 8ξ4
(S¯ab)
(δϑ4)
gcdM4R˜
4
acbd, (39)
in the odd-parity sector. Note that when ξ3 and ξ4 van-
ish, the dispersion relations are both null, returning the
GR result as expected.
The dispersion relations in Eqs. (38) and (39) depend
on the amplitude of the incident scalar and gravitational
wave. Therefore, in order to make analytic progress,
we will define two different perturbative regimes: one
in which the magnitude of the scalar perturbation domi-
nates over the magnitude of the metric perturbation (the
scalar regime), and another one in which the opposite is
true (the GW regime). To achieve this, let us treat the
perturbation to the metric as a GW, and decompose it
into + and × polarizations:
Aab ≡ A+e+ab +A×e×ab ≡ A+,×e+,×ab . (40)
which clearly only affects the magnitude of the perturba-
tion. In what follows, we define and study each of these
perturbative regimes in more detail.
Physically, whether a perturbed black hole will be in
scalar or GW regime depends on the particular type of
perturbation considered. For example, consider the case
where the perturbations are generated from the quasi-
circular inspiral of two black holes into each other (that
are far away from the background black hole that is be-
ing perturbed). In this case, [? ] computed the far-zone
perturbations both in the even- and odd-parity sectors of
quadratic gravity. They found that Beven ∼ (m/DL)v12,
while Bodd ∼ (m/D)v412χ, where m is the total mass of
the binary, DL is the luminosity distance from the bi-
nary’s center of mass to the field point (in this case, the
location of the background black hole), v12 is the mag-
nitude of the orbital velocity of the binary and χ is the
6dimensionless magnitude of the spin angular momenta of
either black hole binary component.
To determine which regime dominates, these scalar
amplitudes are to be compared with the amplitude of
the GR gravitational wave metric perturbation, which is
simply A+,× ∼ (m/D)v212. We then see that, in this ex-
ample, Beven ≫ A+,× (scalar regime) but Bodd ≪ A+,×
(GW regime), because during the inspiral v12 ≪ 1. Of
course, this is just an example, since in general, the mag-
nitude of A+,× and B will depend on the particular sys-
tem considered (e.g. during a supernovae, B and A+,×
will have a different scaling). Thus, to determine whether
one is in one regime or the other, the particular scenario
that is producing the perturbation must be carefully an-
alyzed.
A. Scalar Regime
Let us define the scalar regime as that in which the
amplitude of the scalar field perturbation is much larger
than the amplitude of the metric perturbation, i.e.
B ≫ A+,× . (41)
In this limit the second and third terms in each dis-
persion relation is dominated by the first term giving the
following dispersion relation:
(kak
a)2 = 32ξA(S¯
ab)(S¯ab) , (42)
where A = 3 or 4. This relation has been obtained us-
ing the identity SabS
ab = WabW
ab, which is only valid
to leading order in ξ′ (see the Appendix for a full discus-
sion). Notice that this relation is the same for both parity
sectors (with the obvious change of coupling constant).
Notice also that, in the scalar regime, the perturbations
disappear from the right-hand side, and thus, Eq. (42) is
actually a true dispersion relation.
In the dynamical CS case, the general dispersion rela-
tion of Eq. (39) reduces to that of Eq. (42) with A = 4
when the GR background is spherically symmetric. This
is because in that case the background scalar field van-
ishes ϑ¯4 = 0, since the source to the scalar evolution
equation also vanishes. This then implies that the CS
correction to the GR background metric also vanishes
gM4cd = 0, since there is no scalar field to source a mod-
ification. One then sees that the second and third lines
of Eq. (39) vanish identically, reducing to Eq. (39). This
agrees with the findings of [41].
Already at this stage, we can make some interesting
observations about the modified dispersion relations in
the scalar regime. For any Petrov type D spacetime [52],
S¯ac =
∗C¯abcdk
bkd = λkakc , (43)
for some constant λ, assuming ka is a principal null
direction of the Weyl tensor. It follows then that
S¯abS¯
ab = λ2(kak
a)2 = O(ξ′2) for such spacetimes, be-
cause kak
a = O(ξ′), since hGRab satisfies the linearized Ein-
stein equations. Thus, the modified dispersion relation
in Eq. (42) reduces to the GR expression. In particu-
lar, background GR spacetimes that represent BHs, such
as the Schwarzschild and Kerr metrics, are Petrov type
D with principal null directions in the radial direction.
Therefore, it follows that for radial modes propagating
in such BH backgrounds, QG leads to the same disper-
sion relation as GR [53].
A trivial generalization of the above result is that the
modified dispersion relations reduce to the GR one for
any Petrov type N spacetime with waves propagating
along the null directions of the Weyl tensor. This follows
from the fact that for such spacetimes, C¯abcdk
c = 0 [52].
B. GW Regime
Let us define the GW regime as that in which the am-
plitude of the metric perturbation is much larger than
the amplitude of the scalar field perturbation, i.e.
B ≪ A+,× (44)
In this limit the second and third terms in the dispersion
relations dominate, and one finds
(kak
a)2 = 16ξ3
A3+,×
B3
W¯ abe+,×ab kckd∇¯c∇¯dϑ¯3
+ 4ξ3
A3+,×
B3
W¯ abe+,×ab kckdg
cd
M3 , (45)
in the even-parity sector and
(kak
a)2 = 16ξ4
A4+,×
B4
S¯abε¯ efad e
+,×
be kckf ∇¯c∇¯dϑ¯4
+ 4ξ4
A4+,×
B4
S¯abe+,×ab kckdg
cd
M4 , (46)
in the odd-parity sector. The 3 and 4 indices on A+,×
and B denote that they are the amplitude or wave tensor
associated with h3 and ϑ3, or h4 and ϑ4, respectively.
V. PROPAGATION SPEED IN BH
BACKGROUNDS
The dispersion relations we found in the previous sec-
tion can be solved to find the speed of propagating modes
in a specific background that is a solution to QG. To do
so we parametrize the four wave vector as
ka ≡ [Ω, k1, k2, k3] (47)
and solve Eq. (42) or Eqs. (45) and (46) for Ω.
7A. Scalar Regime
The dispersion relations in the scalar regime only de-
pend on the GR background so the Schwarzschild and
Kerr metrics can be used for nonspinning and spinning
BHs, respectively. Moreover, recall that the dispersion
relations are the same for the even- (EDGB) and odd-
parity (dynamical CS) sectors of QG, with the obvious
change of coupling constant.
1. Non-spinning BH background
Let us first concentrate on a Schwarzschild background
in Schwarzschild coordinates (t, r, θ, φ). Keeping only the
lowest-order in ξ′ correction, one finds
ΩQG,χ0 = ΩSchw
[
1± 12m
3
r3
ζ
1/2
A
(
1− k
2
1
ΩSchw2f2
)]
. (48)
Here ζA = ξA/m
4, m is the physical BH mass defined in
terms of the “bare” massM0 asm =M0 [1 + (49/80) ζA],
f = 1− 2m/r, and the GR dispersion result is
ΩSchw = ± 1
f
√
k21 + fr
2k22 + fr
2 sin2(θ)k23 . (49)
Notice that there are four independent solutions because
the dispersion relations in Eqs. (38) and (39) are quartic
polynomials in Ω. This matches the result found in [41]
for dynamical CS gravity, as expected. Interestingly, we
find the same exact GW speed for the EDGB case, mod-
ulo the coupling constant. This stems from the identity
in the Appendix.
Note when dealing with an ingoing or outgoing spheri-
cal wavefront (k2,3 = 0), there is no QG correction. This
is because the QG modification to the propagation speed
is proportional to the difference (Ω2
Schw
−k21), which iden-
tically vanishes when k2,3 = 0. Therefore, in the far-zone
limit (a distance much farther than the GW wavelength),
where any GW observations would be made and all waves
approach a spherical wavefront, the four distinct solution
of Eq. (48) degenerate into the GR prediction exactly.
Thus, distinguishing a GR BH from a QG BH based on
wave speed would be impossible.
2. Spinning BH
Let us now concentrate on a Kerr background, ex-
panded to O(χ2) with χ ≡ a/m, where a is the Kerr
spin parameter and m is the physical BH mass. Keeping
only the lowest order in ξ′ correction, one finds
Ω = ΩQG,χ0 + χ ΩQG,χ1 + χ2 ΩQG,χ2, (50)
where ΩQG,χ0 is the solution in the nonspinning case, al-
ready given in Eq. (48). ΩQG,χ1 and ΩQG,χ2 are O(χ) and
O(χ2) corrections, respectively, which are given by
ΩQG,χ1 = ΩKerr,χ1
[
1− 12m
2
r2
ζ
1/2
A
]
, (51)
ΩQG,χ2 = ΩKerr,χ2 + ζ
1/2
A Ω∆, χ2, (52)
where
ΩKerr,χ1 = ±2m
2k3 sin
2(θ)
rf
, (53)
ΩKerr,χ2 = ± m
2
2r2f2 (ΩSchwf)
[
ΩSchw2f2 cos2(θ)
(
1− 4m
r
)
−k21 + k23r2f sin4(θ)
]
, (54)
Ω∆, χ2 = ± 6m
5
r5f2 (ΩSchwf)
[(
1− k
2
1
ΩSchw2f2
)
× (k21 − k23r2f sin4(θ) − 2D∓ΩSchw2f2 cos2(θ))
+E
(
2ΩSchw2f2 sin2(θ) + 4k23r
2f sin2(θ)
)]
, (55)
D− =
m
r , D+ = (1 − mr ), E = −1 for the D− case and
E = +1 for the D+ case. Here (t, r, θ, φ) are standard
Boyer-Lindquist coordinates. The result in GR is
ΩGR = ΩSchw+ χ ΩKerr,χ1 + χ2 ΩKerr,χ2. (56)
We can once again analyze this solution in the far-field
limit, where waves are essentially radial (k2,3 = 0). As in
the nonspinning BH background case, the QG correction
that is χ independent identically vanishes, as also does
the linear-in-χ correction. However, at O(χ2) the QG
modification does not vanish. The correction is
Ω∆, χ2(k2,3 = 0) = ∓12
(m
r
)5
k1 sin
2(θ) +O
(
m6
r6
)
,
(57)
and
ΩKerr,χ2(k2,3 = 0) = ∓1
2
(m
r
)2
k1 sin
2(θ) +O
(
m3
r3
)
.
(58)
Notice again that the four independent solutions of
Eq. (50) degenerate into two independent solutions in the
far-field limit. Notice also that the QG correction decays
much faster with distance from the BH, and, in turn, will
be a much weaker effect in the far zone compared to the
GR term. Thus, even in the spinning BH case, the effect
produced by QG on the wave speed would be essentially
impossible to distinguish from the GR prediction.
B. GW Regime
For simplicity we only analyze radial waves (k2,3 = 0)
in the far-zone regime. In this regime, the polarization
tensor is simple [54]. The background scalar field and
QG modification to the metric are given in [32] and [38]
for the nonspinning and spinning cases, respectively. In
this case, however, recall that the dispersion relations are
different for the even- and odd-parity sectors of QG.
81. Non-spinning BH
Let us first consider the odd-parity (dynamical CS)
case. For nonspinning backgrounds, the background
scalar field is zero, and thus, the background QG mod-
ification also vanishes. As before, then, the QG modifi-
cation to the dispersion relation vanishes in the far-zone
and we have Ω = ΩGR = ±k1.
In the even-parity (EDGB) case, however, the back-
ground scalar field does not vanish. However, expanding
the solution in the far-zone we still find that it reduces
to the GR solution Ω = ΩGR = ±k1. This is because
the source term to the modifications of the dispersion re-
lation scale with a high power of 1/r, even higher than
in the scalar regime. Thus, just as in the latter, radial
waves propagating in the far-zone are indistinguishable
from the GR prediction.
2. Spinning BH
For spinning BH backgrounds, both the odd-parity,
dynamical CS and the even-parity, EDGB background
scalar fields are nonvanishing, thus sourcing a QG cor-
rection to the background metric. However, when ex-
panding the solution in the far zone, the speed of the
propagating modes reduces exactly to the GR prediction
Ω = ΩGR = ±k1, to leading order in m/r and irrespective
of whether one consider a plus or a cross polarized
We can see this phenomenon clearly in the O(χ2) term
of the solution to the dispersion relation. Such a correc-
tion enters first at O(m2/r2), and thus, to leading order
in m/r it must be discarded. Notice that this is true re-
gardless of whether one considers the even- or odd-parity
dispersion relations. We thus conclude that the speed of
propagating modes in QG is the same when considering
spinning and nonspinning BH backgrounds, and in both
cases identical to the GR prediction in the far field.
VI. CONCLUSION
In this paper, we have studied the linear stability to
high-frequency perturbations of certain background so-
lutions in the far zone. We focused on perturbations of
nonspinning [32] and spinning [38] BHs, expanding on
previous work by including spinning BH backgrounds.
We started by considering generic QG theories, but soon
after specialized to even-parity and odd-parity subclasses
of QG theories. We derived dispersion relations in these
two subclasses and solved them in two special regimes:
the scalar-dominated and GW-dominated regimes, de-
fined by whether the amplitude of the scalar to the GW
perturbations is much larger or smaller than unity. In all
cases, we find that the speed of propagating modes is not
equal to that of light, but rather faster or slower, depend-
ing on the direction of incidence. These GR corrections,
however, are too weak to be measurable by Earth-bound
detectors due to its rapid radial fall off.
Our work extends all previous work on metric and
scalar perturbations in dynamical CS gravity. In ad-
dition to the work in [41], Motohashi and Suyama [42]
have performed a perturbation analysis of this theory as-
suming a spherically symmetric background spacetime
and using a spherical harmonic decomposition. They
found that all modes propagate at the speed of light if
the background scalar field vanishes. If one takes the
high-frequency limit of their analysis, their wave ansatz
corresponds to a spherical wavefront, and our result au-
tomatically reduces to theirs (and also those of [41]). It
would be interesting to extend the analysis of [42] to see
if any ghost mode exists in QG assuming a spherically
symmetric background.
We have omitted a full analysis of the dispersion re-
lations in the GW regime, Eqs. (45) and (46), on the
backgrounds that we studied. The dispersion relations
are directly dependent on the amplitudes of the metric
and scalar field perturbations. Due to this dependence,
it is not obvious whether the scalar and GWs will be
generically stable. The analysis we carried out in the
far field, however, suggests there are no imaginary terms
in the solution and so the waves should be stable, but
it is possible that taking this limit suppresses imaginary
terms.
Our stability analysis was performed only to linear or-
der in ǫ and ǫϕ. Instabilities, if they exist, commonly
are found at higher than linear order in the perturba-
tion. Another possible extension would be to perform a
stability analysis to second or even higher order in ǫ and
ǫϕ. However, going to higher order in ξ
′ would not be
possible, without including terms of higher order in the
curvature in the quadratic action.
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Appendix A: Weyl-Riemann Identity
Here we show that
W¯ acW¯ac = S¯
acS¯ac +O(ξ′). (A1)
9Using the definition of W¯ ac and S¯ac in Eq. (37) we have
W¯ acW¯ac = C¯abcdC¯
aecfkbkdkekf , (A2)
S¯acS¯ac =
1
4
ǫcdef ǫ
chijC¯abef C¯agijkbk
dkgkh. (A3)
Contracting the Levi-Civita tensors
4S¯acS¯ac = −6δd[hδieδjf ]C¯agijC¯abefkbkdkgkh
= 2C¯abijC¯agijkbk
gkhkh
+ 2C¯abjhC¯agijkbk
ikgkh
+ 2C¯abhiC¯agijkbk
jkgkh
= 2C¯abijC¯agijkbk
gkhkh − 4W abWab. (A4)
Notice that the first term contains the term kaka, which
vanishes in GR because of the O(ǫ, ξ′0) perturbed Ein-
stein equations. Thus, kaka = 0 +O(ξ′). Therefore, the
first term can be ignored to leading order in ξ′ and we
find
W¯ acW¯ac = S¯
acS¯ac +O(ξ′). (A5)
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